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In this paper, we introduce degenerate multi-poly-Bernoulli polynomials and derive some identities of these polynomials. We give
some relationship between degenerate multi-poly-Bernoulli polynomials degenerate Whitney numbers and Stirling numbers of the
first kind. Moreover, we define degenerate multi-poly-Bernoulli polynomials of complex variables, and then, we derive several
properties and relations.

1. Introduction

For any λ ∈ℝ/f0g (or ℂ/f0g), degenerate version of the
exponential function exλðtÞ is defined as follows (see [1–15])

exλ tð Þ≔ 1 + λtð Þxλ = 〠
∞

n=0
xð Þn,λ

tn

n!
, ð1Þ

where ðxÞ0,λ = 1 and ðxÞn,λ = xðx − λÞ⋯ ðx − ðn − 1ÞλÞ for n
≥ 1, (cf. [1–15]). It follows from (1) is limλ→0e

x
λðtÞ = ext. Note

that e1λðtÞ≔ eλðtÞ:
Carlitz [1] introduced the degenerate Bernoulli polyno-

mials as follows:

t
eλ tð Þ − 1 e

x
λ tð Þ = 〠

∞

n=0
βn x ; λð Þ t

n

n!
: ð2Þ

Upon setting x = 0, βnð0 ; λÞ≔ βnðλÞ are called the
degenerate Bernoulli numbers.

Note that

lim
λ→0

βn x ; λð Þ = Bn xð Þ, ð3Þ

where BnðxÞ are the familiar Bernoulli polynomials (cf. [1, 3,
4, 6, 8, 11, 12, 14, 16–22])

t
et − 1 e

xt = 〠
∞

n=0
Bn xð Þ t

n

n!
, tj j < 2πð Þ: ð4Þ

For k ∈ℤ, the polyexponential function EikðxÞ is defined
by (see [21])

Eik xð Þ = 〠
∞

n=1

xn

n − 1ð Þ!nk , k ∈ℤð Þ: ð5Þ

Setting k = 1 in (5), we have Ei1ðxÞ = ex − 1:
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The degenerate modified polyexponential function [12]
is defined, for k ∈ℤ and jxj < 1, by

Eik;λ xð Þ = 〠
∞

n=1

1ð Þn,λ
n − 1ð Þ!nk x

n: ð6Þ

Note that Ei1;λðxÞ = eλðxÞ − 1:
Let k ∈ℤ and λ ∈ℝ. The degenerate poly-Bernoulli poly-

nomials, cf. [12], are defined by

Eik;λ logλ 1 + tð Þð Þ
eλ tð Þ − 1 exλ tð Þ = 〠

∞

n=0
B kð Þ
n,λ xð Þ t

n

n!
, ð7Þ

logλ 1 + tð Þ = 〠
∞

n=1
λn−1 1ð Þn,1

λ

tn

n!
, λ ∈ℝð Þ, ð8Þ

where logλð1 + tÞ are called the degenerate version of the log-
arithm function (cf. [8, 12]), which is also the inverse func-
tion of the degenerate exponential function eλðtÞ as shown
below (cf. [8])

eλ logλ 1 + tð Þð Þ = logλ eλ 1 + tð Þð Þ = 1 + t: ð9Þ

Letting x = 0 in (7), BðkÞ
n,λð0Þ≔ BðkÞ

n,λ are called the type 2 degen-
erate poly-Bernoulli numbers.

The degenerate Stirling numbers of the first kind (cf.
[8, 13]) and second kind (cf. [4–6, 9, 17]) are defined,
respectively, by

1
k!

logλ 1 + tð Þð Þk = 〠
∞

n=k
S1,λ n, kð Þ t

n

n!
, k ≥ 0ð Þ, ð10Þ

and (cf. [1–27])

1
k!

eλ tð Þ − 1ð Þk = 〠
∞

n=k
S2,λ n, kð Þ t

n

n!
, k ≥ 0ð Þ: ð11Þ

Note that limλ→0 in (10) and (1.8), we have (cf. [8, 13])

log 1 + tð Þð Þk
k!

= 〠
∞

n=k
S1 n, kð Þ t

n

n!
k ≥ 0ð Þ, ð12Þ

and (cf. [4–6, 9, 17, 24])

et − 1ð Þk
k!

= 〠
∞

n=k
S2 n, kð Þ t

n

n!
k ≥ 0ð Þ, ð13Þ

where S1ðn, kÞ and S2ðn, kÞ are called the Stirling numbers
of the first kind and second kind.

The following paper is as follows. In Section 2, we define
the degenerate multi-poly-Bernoulli polynomials and num-
bers by using the degenerate multiple polyexponential func-
tions and derive some properties and relations of these
polynomials. In Section 3, we consider the degenerate
multi-poly-Bernoulli polynomials of a complex variable and

then we derive several properties and relations. Also, we
examine the results derived in this study [28, 29].

2. Degenerate Multi-Poly-Bernoulli
Polynomials and Numbers

Let k1, k2,⋯, kr ∈ℤ. The degenerate multiple polyexponen-
tial function Eik1,k2,⋯,kr ;λðxÞ is defined (cf. [15]) by

Eik1,k2,⋯,kr ;λ xð Þ = 〠
0<n1<n2<⋯<nr

1ð Þn1,λ ⋯ 1ð Þnr ,λx
nr

n1 − 1ð Þ!⋯ nr − 1ð Þ!nk11 ⋯ nkrr
,

ð14Þ

where the sum is over all integers n1, n2,⋯, nr satisfying
0 < n1 < n2 <⋯ < nr . Utilizing this function, Kim et al. [15]
introduced and studied the degenerate multi-poly-Genocchi
polynomials given by

2rEik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ
eλ tð Þ + 1ð Þr exλ tð Þ = 〠

∞

n=0
g k1,k2,⋯krð Þ
n,λ xð Þ t

n

n!
: ð15Þ

Inspired by the definition of degenerate multi-poly-Genocchi
polynomials, using the degenerate multiple polyexponential
function (14), we give the following definition.

Definition 1. Let k1, k2,⋯, kr ∈ℤ and λ ∈ℝ, we consider the
degenerate multi-poly-Bernoulli polynomials are given by

r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ
eλ tð Þ − 1ð Þr exλ tð Þ = 〠

∞

n=0
B

k1,k2,⋯,krð Þ
n,λ xð Þ t

n

n!
:

ð16Þ

Upon setting x = 0 in (16), the degenerate multi-poly-
Bernoulli polynomials reduce to the corresponding numbers,
namely, the type 2 degenerate multi-poly-Bernoulli numbers

B
ðk1,k2,⋯,krÞ
n,λ ð0Þ≔B

ðk1,k2,⋯,krÞ
n,λ .

Remark 2. As λ→ 0, the degenerate multi-poly-Bernoulli
polynomials reduce to the multi-poly-Bernoulli polynomials
given by

r!Eik1,k2,⋯,kr log 1 + tð Þð Þ
et − 1ð Þr ext = 〠

∞

n=0
B k1,k2,⋯,krð Þ

n xð Þ t
n

n!
: ð17Þ

Remark 3. Upon setting r = 1 in (16), the degenerate multi-
poly-Bernoulli polynomials reduce to the degenerate poly-
Bernoulli polynomials in (7).

Before going to investigate the properties of the degen-
erate multi-poly-Bernoulli polynomials, we first give the
following result.
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Proposition 4 (Derivative Property). For k1, k2,⋯, kr ∈ℤ
and λ ∈ℝ, we have

d
dx

Eik1 ,k2 ,⋯,kr ;λ xð Þ = 1
x
Eik1 ,k2 ,⋯,kr−1;λ xð Þ: ð18Þ

Proof. By (14), we see that

d
dx

Eik1,k2,⋯,kr ;λ xð Þ = d
dx

〠
0<n1<n2<⋯<nr

� 1ð Þn1,λ ⋯ 1ð Þnr ,λx
nr

n1 − 1ð Þ!⋯ nr − 1ð Þ!nk11 ⋯ nkrr

= 1
x

〠
0<n1<n2<⋯<nr

� 1ð Þn1,λ ⋯ 1ð Þnr ,λx
nr

n1 − 1ð Þ!⋯ nr − 1ð Þ!nk11 ⋯ nkr−1r

= 1
x
Eik1,k2,⋯,kr−1;λ xð Þ:

ð19Þ

Theorem 5. The following relationship

B
k1 ,k2 ,⋯,krð Þ
n,λ xð Þ = 〠

n

j=0

n

j

 !
B

k1 ,k2 ,⋯krð Þ
n−j,λ xð Þj,λ, ð20Þ

holds for n ≥ 0.

Proof. Recall Definition 1 that

〠
∞

n=0
B

k1,k2,⋯,krð Þ
n,λ xð Þ t

n

n!
=
r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ

eλ tð Þ − 1ð Þr exλ tð Þ

= 〠
∞

n=0
B

k1,k2,⋯,krð Þ
n,λ

tn

n!
〠
∞

j=0
xð Þj,λ

tm

m!

= 〠
∞

n=0
〠
n

j=0

n

j

 !
B

k1,k2,⋯krð Þ
n−j,λ xð Þj,λ

 !
tn

n!
,

ð21Þ

which gives the asserted result (20).

The degenerate Bernoulli polynomials of order r are
given by the following series expansion:

〠
∞

n=0
β rð Þ
n x ; λð Þ t

n

n!
= t

eλ tð Þ − 1

� �r

exλ tð Þ, ð22Þ

(cf. [3, 6, 8, 17]).
We provide the following theorem.

Theorem 6. For n ≥ r. Then

B
k1 ,k2 ,⋯,krð Þ
n,λ xð Þ = 〠

n+r

m=0
〠

0<n1<n2<⋯<nr≤m

�
n + r

m

 !
β rð Þ
n+r−m x ; λð ÞS1:λ m, nrð Þ

×
n!r!nr! 1ð Þn1 ,λ ⋯ 1ð Þnr ,λ

n + rð Þ! n1 − 1ð Þ!⋯ nr − 1ð Þ!nk11 ⋯ nkrr
:

ð23Þ

Proof. Recall from Definition 1 and (10) that

〠
∞

n=0
B

k1,k2,⋯,krð Þ
n,λ xð Þ t

n

n!
= r!exλ tð Þ

eλ tð Þ − 1ð Þr 〠
0<n1<n2<⋯<nr

� 1ð Þn1,λ ⋯ 1ð Þnr ,λ logλ 1 + tð Þð Þnr
n1 − 1ð Þ!⋯ nr − 1ð Þ!nk11 ⋯ nkrr

= r!exλ tð Þ
eλ tð Þ − 1ð Þr 〠

0<n1<n2<⋯<nr

� 1ð Þn1,λ ⋯ 1ð Þnr ,λnr!
n1 − 1ð Þ!⋯ nr − 1ð Þ!nk11 ⋯ nkrr

� 〠
∞

m=nr
S1:λ m, nrð Þ t

m

m!

= r!
tr

trexλ tð Þ
eλ tð Þ − 1ð Þr

� �
〠
∞

m=nr

� 〠
0<n1<n2<⋯<nr≤m

1ð Þn1,λ ⋯ 1ð Þnr ,λS1:λ m, nrð Þnr!
n1 − 1ð Þ!⋯ nr − 1ð Þ!nk11 ⋯ nkrr

 !

� t
m

m!
= r!
tr
〠
∞

l=0
β

rð Þ
l x ; λð Þ t

l

l!
〠
∞

m=nr

� 〠
0<n1<n2<⋯<nr≤m

1ð Þn1,λ ⋯ 1ð Þnr ,λS1:λ m, nrð Þnr!
n1 − 1ð Þ!⋯ nr − 1ð Þ!nk11 ⋯ nkrr

 !

� t
m

m!
= 〠

∞

n=r
〠
n

m=0

n

m

 !
〠

0<n1<n2<⋯<nr≤m

� r!nr! 1ð Þn1,λ ⋯ 1ð Þnr ,λ
n1 − 1ð Þ!⋯ nr − 1ð Þ!nk11 ⋯ nkrr

� β rð Þ
n−m x ; λð ÞS1:λ m, nrð Þ t

n−r

n!
,

ð24Þ

which means the claimed result (23).

Theorem 7. The following formula

B
k1 ,k2 ,⋯,krð Þ
n,λ x + yð Þ = 〠

n

j=0

n

j

 !
yð Þj,λB

k1 ,k2 ,⋯,krð Þ
n−j,λ xð Þ, ð25Þ

is valid for k1, k2,⋯, kr ∈ℤ and n ≥ 0.
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Proof. In view of Definition 1, we see that

〠
∞

n=0
B

k1,k2,⋯,krð Þ
n,λ x + yð Þ t

n

n!
=
r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ

eλ tð Þ − 1ð Þr ex+yλ tð Þ

= 〠
∞

i=0
B

k1,k2,⋯,krð Þ
i,λ xð Þ t

i

i!
〠
∞

j=0
yð Þj,λ

tm

m!

= 〠
∞

n=0
〠
n

j=0

n

j

 !
yð Þm,λB

k1,k2,⋯,krð Þ
n−j,λ xð Þ

 !
tn

n!
,

ð26Þ

which implies the desired result (25).

Theorem 8. The following relation

d
dx

B
k1 ,k2 ,⋯,krð Þ
n,λ xð Þ= n

l=1
n

l

 !
B

k1 ,k2 ,⋯,krð Þ
n−l,λ xð Þ −λð Þl−1 l − 1ð Þ!,

ð27Þ

is valid for k1, k2,⋯, kr ∈ℤ and n ≥ 0.

Proof. To investigate the derivative property ofBðk1,k2,⋯,krÞ
n,λ ðxÞ

that

〠
∞

n=0

d
dx

B
k1,k2,⋯,krð Þ
n,λ xð Þ t

n

n!
=
r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ

eλ tð Þ − 1ð Þr
d
dx

exλ tð Þ

= 〠
∞

n=0
B

k1,k2,⋯,krð Þ
n,λ xð Þ t

n

n!
1
λ
ln 1 + λtð Þ

= 〠
∞

n=0
B

k1,k2,⋯,krð Þ
n,λ xð Þ t

n

n!

 !
〠
∞

l=1

−1ð Þl+1
l

λl−1tl

= 〠
∞

n=0
〠
∞

l=1
B

k1,k2,⋯,krð Þ
n,λ xð Þ −1ð Þl+1

l
λl−1

tn+l

n!
,

ð28Þ

which provides the asserted result (27).

We here give a relation including the degenerate multi-
poly-Bernoulli polynomials with numbers and the degener-
ate Stirling numbers of the second kind.

Theorem 9. The following correlation

B
k1 ,k2 ,⋯,krð Þ
n,λ xð Þ = 〠

n

m=0
〠
m

l=0

n

m

 !
xð ÞlS2,λ m, lð ÞB k1 ,k2 ,⋯,krð Þ

n−m,λ ,

ð29Þ

is valid for k1, k2,⋯, kr ∈ℤ and n ≥ 0.

Proof. By means of Definition 1, we attain that

〠
∞

n=0
B

k1,k2,⋯,krð Þ
n,λ xð Þ t

n

n!
=
r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ

eλ tð Þ − 1ð Þr exλ tð Þ

=
r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ

eλ tð Þ − 1ð Þr eλ tð Þ − 1 + 1ð Þx

=
r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ

eλ tð Þ − 1ð Þr 〠
∞

l=0

x

l

 !
eλ tð Þ − 1ð Þl

= 〠
∞

n=0
B

k1,k2,⋯,krð Þ
n,λ

tn

n!
〠
∞

l=0
xð Þl 〠

∞

m=l
S2,λ m, lð Þ t

m

m!

= 〠
∞

n=0
〠
n

m=0
〠
m

l=0

n

m

 !
xð ÞlS2,λ m, lð ÞB k1,k2,⋯,krð Þ

n−m,λ

 !
tn

n!
,

ð30Þ

where the notation ðxÞl is falling factorial that is defined
by ðxÞ0 = 1 and ðxÞn = xðx − 1Þ⋯ ðx − ðn − 1ÞÞ for n ≥ 1,
(cf. [1, 2, 5–14, 21, 23, 24]). So, the proof is completed.

Kim [5] introduced the degenerate Whitney numbers are
given by

emλ tð Þ − 1ð Þk
mkk!

eαλ tð Þ = 〠
∞

n=k
Wm,α n, k λjð Þ t

n

n!
, k ≥ 0ð Þ: ð31Þ

Kim also provided several correlations including the degen-
erate Stirling numbers of the second kind and the degenerate
Whitney numbers (see [5]).

We now give a correlation as follows.

Theorem 10. For k1, k2,⋯kr ∈ℤ and n ≥ 0, we have

B
k1 ,k2 ,⋯,krð Þ
n,λ xu + αð Þ = 〠

n

m=0
〠
m

l=0

n

m

 !
ul xð ÞlWu,α m, l λjð ÞB k1 ,k2 ,⋯,krð Þ

n−m,λ :

ð32Þ

Proof. Using (31) and Definition 1, we acquire that

〠
∞

n=0
B

k1,k2,⋯,krð Þ
n,λ xu + αð Þ t

n

n!

=
r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ

eλ tð Þ − 1ð Þr eαλ tð Þexuλ tð Þ

=
r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ

eλ tð Þ − 1ð Þr eαλ tð Þ euλ tð Þ − 1 + 1ð Þx

=
r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ

eλ tð Þ − 1ð Þr eαλ tð Þ〠
∞

l=0

x

l

 !
euλ tð Þ − 1ð Þl

=
r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ

eλ tð Þ − 1ð Þr 〠
∞

l=0
ul xð Þl

euλ tð Þ − 1ð Þl
l!ul

eαλ tð Þ

4 Journal of Function Spaces



=
r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ

eλ tð Þ − 1ð Þr 〠
∞

l=0
ul xð Þl

euλ tð Þ − 1ð Þl
l!ul

eαλ tð Þ

= 〠
∞

n=0
B

k1,k2,⋯,krð Þ
n,λ

tn

n!
〠
∞

n=0
〠
n

l=0
ul xð ÞlWu,α n, l λjð Þ t

n

n!

= 〠
∞

n=0
〠
n

m=0
〠
m

l=0

n

m

 !
ul xð ÞlWu,α m, l λjð ÞB k1,k2,⋯,krð Þ

n−m,λ

 !
tn

n!
,

ð33Þ

which implies the asserted result (32).

3. Degenerate Multi-Poly-Bernoulli
Polynomials of Complex Variable

In [25], Kim et al. defined the degenerate sine sinλt and
cosine cosλt functions by

sin xð Þ
λ tð Þ = eixλ tð Þ − e−ixλ tð Þ

2i and cos xð Þ
λ tð Þ = eixλ tð Þ + e−ixλ tð Þ

2 ,

ð34Þ

where i =
ffiffiffiffiffiffi
−1

p
. Note that limλ→0sin

ðxÞ
λ ðtÞ = sin xt and

limλ→0cos
ðxÞ
λ ðtÞ = cos xt. From (34), it is readily that

eixλ tð Þ = cos xð Þ
λ tð Þ + isin xð Þ

λ tð Þ: ð35Þ

By these functions in (34), the degenerate sine-
polynomials Sk,λðx, yÞ and degenerate cosine-polynomials
Ck,λðx, yÞ are introduced (cf. [25]) by

〠
∞

n=0
Sk,λ x, yð Þ t

n

n!
= exλ tð Þsin yð Þ

λ tð Þ, ð36Þ

〠
∞

n=0
Ck,λ x, yð Þ t

n

n!
= exλ tð Þcos yð Þ

λ tð Þ: ð37Þ

Several properties of these polynomials in (36) and (37) are
studied and investigated in [25]. Also, by means of these
functions, Kim et al. [25] introduced the degenerate Euler
and Bernoulli polynomials of complex variable and investi-
gate some of their properties. Motivated and inspired by
these considerations above, we define type 2 degenerate
multi-poly-Bernoulli polynomials of complex variable as
follows.

Definition 11. Let k1, k2,⋯, kr ∈ℤ. We define a new form of
the degenerate multi-poly-Bernoulli polynomials of complex
variable by the following generating function:

r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ
eλ tð Þ − 1ð Þr ex+iyλ tð Þ = 〠

∞

n=0
B k1,k2,⋯,krð Þ
n,λ x + iyð Þ t

n

n!
:

ð38Þ

By (34) and (38), we observe that

〠
∞

n=0

B k1,k2,⋯,krð Þ
n,λ x + iyð Þ − B k1,k2,⋯,krð Þ

n,λ x − iyð Þ
� �

2i
tn

n!

=
r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ

eλ tð Þ − 1ð Þr exλ tð Þsin yð Þ
λ tð Þ,

ð39Þ

and

〠
∞

n=0

B k1,k2,⋯,krð Þ
n,λ x + iyð Þ + B k1,k2,⋯,krð Þ

n,λ x − iyð Þ
� �

2
tn

n!

=
r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ

eλ tð Þ − 1ð Þr exλ tð Þcos yð Þ
λ tð Þ:

ð40Þ

In view of (39) and (40), we consider the degenerate

multi-poly-sine-Bernoulli polynomials Bðk1,k2,⋯,kr ;SÞ
n,λ ðx, yÞ

with two parameters and the degenerate multi-poly-cosine-

Bernoulli polynomials Bðk1,k2,⋯,kr ;CÞ
n,λ ðx, yÞ with two parame-

ters as follows:

〠
∞

n=0
B k1,k2,⋯,kr ;Sð Þ
n,λ x, yð Þ t

n

n!
=
r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ

eλ tð Þ − 1ð Þr exλ tð Þsin yð Þ
λ tð Þ,

ð41Þ

〠
∞

n=0
B k1,k2,⋯,kr ;Cð Þ
n,λ x, yð Þ t

n

n!
=
r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ

eλ tð Þ − 1ð Þr exλ tð Þcos yð Þ
λ tð Þ:

ð42Þ

Note that

lim
λ→0

B k1,k2,⋯,kr ;Sð Þ
n,λ x, yð Þ≔ B k1,k2,⋯,kr ;Sð Þ

n x, yð Þ and

lim
λ→0

B k1,k2,⋯,kr ;Cð Þ
n,λ x, yð Þ≔ B k1,k2,⋯,kr ;Cð Þ

n x, yð Þ,
ð43Þ

which are multi-poly-sine-Bernoulli polynomials

Bðk1,k2,⋯,kr ;SÞ
n ðx, yÞ and multi-poly-cosine-Bernoulli polyno-

mials Bðk1,k2,⋯,kr ;CÞ
n ðx, yÞ with two parameters.

By (39)-(42), we see that

B k1,k2,⋯,kr ;Sð Þ
n,λ x, yð Þ =

B k1,k2,⋯,krð Þ
n,λ x + iyð Þ − B k1,k2,⋯,krð Þ

n,λ x − iyð Þ
� �

2i ,

B k1,k2,⋯,kr ;Cð Þ
n,λ x, yð Þ =

B k1,k2,⋯,krð Þ
n,λ x + iyð Þ + B k1,k2,⋯,krð Þ

n,λ x − iyð Þ
� �

2 :

ð44Þ

We now give the two summation formulae by the follow-
ing theorem.
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Theorem 12. For k1, k2,⋯, kr ∈ℤ and n ≥ 0, we have

B k1 ,k2 ,⋯,krð Þ
n,λ x + iyð Þ = 〠

n

m=0

n

m

 !
B k1 ,k2 ,⋯krð Þ
n−m,λ xð Þ iyð Þm,λ, ð45Þ

B k1 ,k2 ,⋯,krð Þ
n,λ x + iyð Þ = 〠

n

m=0

n

m

 !
B k1 ,k2 ,⋯krð Þ
n−m,λ x + iyð Þm,λ:

ð46Þ

Proof. The proofs of this theorem can be done by using the
same proof methods used in Theorems 5 and 7. So, we omit
the proofs.

We here provide the two derivative formulae by the fol-
lowing theorem.

Theorem 13. For k1, k2,⋯, kr ∈ℤ and n ≥ 0, we have

d
dt

B k1 ,k2 ,⋯,krð Þ
n,λ x + iyð Þ = nB k1 ,k2 ,⋯,krð Þ

n−1,λ x + iyð Þ,

d
dx

B
k1 ,k2 ,⋯,krð Þ
n,λ x + iyð Þ= n

l=1
n

l

 !
B

k1 ,k2 ,⋯,krð Þ
n−l,λ x + iyð Þ −λð Þl−1 l − 1ð Þ!:

ð47Þ

Proof. The proofs of this theorem can be done by using the
same proof methods used in Theorem 8. So, we omit the
proofs.

We give the following theorem.

Theorem 14. For k1, k2,⋯, kr ∈ℤ and n ≥ 0, we have

B k1 ,k2 ,⋯,kr ;Sð Þ
n,λ x, yð Þ= n

l=0
n

l

 !
B k1 ,k2 ,⋯,krð Þ
n−l,λ Sl,λ x, yð Þ,

B k1 ,k2 ,⋯,kr ;Cð Þ
n,λ x, yð Þ= n

l=0
n

l

 !
B k1 ,k2 ,⋯,krð Þ
n−l,λ Cl,λ x, yð Þ:

ð48Þ

Proof. From (36), (37), and (38), we get

〠
∞

n=0
B k1,k2,⋯,kr ;Sð Þ
n,λ x, yð Þ t

n

n!

=
r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ

eλ tð Þ − 1ð Þr exλ tð Þsin yð Þ
λ tð Þ

= 〠
∞

n=0
B k1,k2,⋯,krð Þ
n,λ

tn

n!
〠
∞

n=0
Sn,λ x, yð Þ t

n

n!

=∞
n=0

n
l=0

n

l

 !
B k1,k2,⋯,krð Þ
n−l,λ Sl,λ x, yð Þ

 !
tn

n!
,

〠
∞

n=0
B k1,k2,⋯,kr ;Cð Þ
n,λ x, yð Þ t

n

n!

=
r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ

eλ tð Þ − 1ð Þr exλ tð Þcos yð Þ
λ tð Þ

= 〠
∞

n=0
B k1,k2,⋯,krð Þ
n,λ

tn

n!
〠
∞

n=0
Cn,λ x, yð Þ t

n

n!

=∞
n=0

n
l=0

n

l

 !
B k1,k2,⋯,krð Þ
n−l,λ Cl,λ x, yð Þ

 !
tn

n!
,

ð49Þ

which complete the proof of the theorem.

We note that (cf. [25])

sin yð Þ
λ tð Þ=∞

n=1
n−1
2½ �

k=0 λ
n−2k−1 −1ð Þky2k+1S1,λ n, 2k + 1ð Þ t

n

n!
, ð50Þ

cos yð Þ
λ tð Þ=∞

n=0
n
2½ �
k=0λ

n−2k −1ð Þky2kS1,λ n, 2kð Þ t
n

n!
: ð51Þ

We give the following theorem.

Theorem 15. For k1, k2,⋯, kr ∈ℤ and n ≥ 0, we have

B k1 ,k2 ,⋯,kr ;Sð Þ
n,λ x, yð Þ= n

l=1
l−1
2½ �

k=0

n

l

 !
B k1 ,k2 ,⋯,krð Þ
n−l,λ

� xð Þλl−2k−1 −1ð Þky2k+1S1,λ l, 2k + 1ð Þ,

B k1 ,k2 ,⋯,kr ;Cð Þ
n,λ x, yð Þ= n

l=1
l
2½ �
k=0

n

l

 !
B k1 ,k2 ,⋯,krð Þ
n−l,λ

� xð Þλl−2k−1 −1ð Þky2k+1S1,λ l, 2k + 1ð Þ,
ð52Þ

where the notation ½·� is Gauss’ notation and represents the
maximum integer which does not exceed a number in the
square bracket.

Proof. By (41)–(51), we observe that

〠
∞

n=0
B k1,k2,⋯,kr ;Sð Þ
n,λ x, yð Þ t

n

n!

= 〠
∞

n=0
B k1,k2,⋯,krð Þ
n,λ xð Þt

n

n!

∞

n=1

n−1
2½ �

k=0
λn−2k−1 −1ð Þky2k+1S1,λ n, 2k + 1ð Þ t

n

n!

=∞
n=0

n
l=1

n

l

 !
B k1,k2,⋯,krð Þ
n−l,λ xð Þ

l−1
2½ �

k=0 λ
l−2k−1 −1ð Þky2k+1S1,λ l, 2k + 1ð Þ

 !
tn

n!
,
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〠
∞

n=0
B k1,k2,⋯,kr ;Cð Þ
n,λ x, yð Þ t

n

n!

=
r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ

eλ tð Þ − 1ð Þr exλ tð Þcos yð Þ
λ tð Þ

= 〠
∞

n=0
B k1,k2,⋯,krð Þ
n,λ xð Þt

n

n!

∞

n=1

n
2½ �
k=0

λn−2k −1ð Þky2kS1,λ n, 2kð Þ t
n

n!

=∞
n=0

n
l=1

n

l

 !
B k1,k2,⋯,krð Þ
n−l,λ xð Þ

l
2½ �
k=0λ

l−2k −1ð Þky2kS1,λ l, 2kð Þ
 !

tn

n!
:

ð53Þ

So, the proof is completed.

We give the following proposition.

Proposition 16. The following relations

B k1 ,k2 ,⋯,kr ;Sð Þ
n,λ x + u, yð Þ= n

l=0
n

l

 !
B k1 ,k2 ,⋯,kr ;Sð Þ
n−l,λ x, yð Þ uð Þl,λ,

B k1 ,k2 ,⋯,kr ;Cð Þ
n,λ x + u, yð Þ= n

l=0
n

l

 !
B k1 ,k2 ,⋯,kr ;Cð Þ
n−l,λ x, yð Þ uð Þl,λ:

ð54Þ

hold for k1, k2,⋯, kr ∈ℤ,u ∈ℂ and n ≥ 0.

Proof. The proofs of this proposition can be done by utilizing
the same proof methods used in Theorem 7. So, we omit the
proofs.

Upon setting x = 0 in (41) and (42), we consider the
degenerate multi-poly-sine-Bernoulli polynomials

Bðk1,k2,⋯,kr ;SÞ
n,λ ðyÞ and the degenerate multi-poly-cosine-Ber-

noulli polynomials Bðk1,k2,⋯,kr ;CÞ
n,λ ðyÞ as follows

〠
∞

n=0
B k1,k2,⋯,kr ;Sð Þ
n,λ yð Þ t

n

n!
=
r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ

eλ tð Þ − 1ð Þr sin yð Þ
λ tð Þ,

ð55Þ

〠
∞

n=0
B k1,k2,⋯,kr ;Cð Þ
n,λ yð Þ t

n

n!
=
r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ

eλ tð Þ − 1ð Þr cos yð Þ
λ tð Þ:

ð56Þ
We now provide the following theorem.

Theorem 17. For k1, k2,⋯, kr ∈ℤ and n > 0, we have

B
k1 ,k2 ,⋯,kr ;Cð Þ
n,λ x, yð Þ = 〠

n

m=0
〠
m

l=0

n

m

 !
xð ÞlS2,λ m, lð ÞB k1 ,k2 ,⋯,kr ;Cð Þ

n−m,λ

� yð ÞwithB k1 ,k2 ,⋯,kr ;Cð Þ
n,λ x, yð Þ = 0:

ð57Þ

Proof. The proofs of this theorem can be done by utilizing the
same proof methods in Theorem 9.

Let α be any fixed real (or complex) number. The Ber-
noulli polynomials of order α is defined by (cf. [25])

t
et − 1

� �α

ext = 〠
∞

n=0
B αð Þ
n xð Þ t

n

n!
, tj j < 2πð Þ: ð58Þ

When x = 0, the Bernoulli polynomials of order α reduce to
the Bernoulli numbers of order α, denoted by BðαÞ

n .We give
the following relation.

Theorem 18. For k1, k2,⋯, kr ∈ℤ and n ≥ 0, we have

B k1 ,k2 ,⋯,kr ;Sð Þ
n,λ 1, yð Þ − B k1 ,k2 ,⋯,kr ;Sð Þ

n,λ yð Þ

= n〠
n−1

l=0

n − 1

l

 !
B k1 ,k2 ,⋯,kr ;Sð Þ
n−1−l,λ yð ÞB −1ð Þ

l ,
ð59Þ

B k1 ,k2 ,⋯,kr ;Cð Þ
n,λ 1, yð Þ − B k1 ,k2 ,⋯,kr ;Cð Þ

n,λ yð Þ

= n〠
n−1

l=0

n − 1

l

 !
B k1 ,k2 ,⋯,kr ;Cð Þ
n−1−l,λ yð ÞB −1ð Þ

l :
ð60Þ

Proof. By (55) and (56), we acquire

〠
∞

n=0
B k1,k2,⋯,kr ;Sð Þ
n,λ 1, yð Þ t

n

n!
− 〠

∞

n=0
B k1,k2,⋯,kr ;Sð Þ
n,λ yð Þ t

n

n!

=
r!Eik1,k2,⋯,kr ;λ logλ 1 + tð Þð Þ

eλ tð Þ − 1ð Þr sin yð Þ
λ tð Þ eλ tð Þ − 1ð Þ

= 〠
∞

n=0
B k1,k2,⋯,kr ;Sð Þ
n,λ yð Þ t

n+1

n!
〠
∞

n=0
B −1ð Þ
n

tn

n!

= 〠
∞

n=0
〠
n

l=0

n

l

 !
B k1,k2,⋯,kr ;Sð Þ
n−l,λ yð ÞB −1ð Þ

l

tn+1

n!
:

ð61Þ

Thus, (59) is proved. We prove (60) in the same way.

Here is a special case of Theorem 18.

Corollary 19. For k1, k2,⋯, kr ∈ℤ and n ≥ 0, we have

B k1 ,k2 ,⋯,krð Þ
n,λ 1ð Þ − B k1 ,k2 ,⋯,krð Þ

n,λ = n〠
n−1

l=0

n − 1

l

 !
B k1 ,k2 ,⋯,krð Þ
n−1−l,λ B −1ð Þ

l ,

ð62Þ

which is a relation including the degenerate multi-poly-
Bernoulli polynomials.

4. Conclusions

In this paper, we defined the degenerate multi-poly-Bernoulli
polynomials by employing the degenerate multiple
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polyexponential functions. We have established some identi-
ties and relations between degenerate Whitney numbers and
degenerate Stirling numbers of the first kind. Also, we have
established addition formulas and derivative formulas of
degenerate multi-poly-Bernoulli polynomials. In the last
section, we have defined degenerate multi-poly-Bernoulli
polynomials of complex variables and then we have derived
several properties and relations.
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