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Abstract: This study presents a novel method for accurately predicting the dynamic behavior of
multistory frame buildings under earthquake ground motion. The proposed method allows approxi-
mately estimating the inter-story drift ratio, a crucial parameter strongly associated with building
damage, its distribution along the building height, and its maximum value location. An equivalent
continuous beam model with a rotation at the base, consisting of a combination of a shear beam and a
flexural beam, is proposed to achieve this. This model derives closed-form solutions for the building’s
dynamic characteristics. The lateral deformations along the height of frame buildings subjected to a
given earthquake load, particularly the inter-story drift ratio profiles, and the maximum inter-story
drift ratio parameter, are investigated. The proposed continuous model requires two dimensionless
parameters: the lateral stiffness ratio (α) and the rotation at the base (θ), representing the drift ratio
of the first story. For the expression of the lateral stiffness ratio (α) coefficient, a simple equation is
also proposed using the beam-to-column stiffness ratio (ρ, or Blume coefficient) associated with the
framed (discrete) system. Various building models are employed to validate the proposed method,
demonstrating its applicability to both high-rise and low-rise building configurations. With the
results obtained, it is shown that the proposed continuous model can be used not only for high-rise
or multistory building models but also for low-rise building models.

Keywords: continuous beam model; lateral stiffness ratio; inter-story drift; Blume coefficient

1. Introduction

Reliable prediction of structural responses is essential in analyzing, designing, and
evaluating buildings under earthquake effects. In recent years, substantial research has
been devoted to developing efficient, rapid, and reliable methods for estimating these re-
sponses using approximate solutions. Among the approximate methods, continuous beam
models have become preferred for dynamic analysis, preliminary design, and assessment
of buildings under earthquake effects [1–13]. Buildings are classified according to specific
height ranges in the codes: generally, low-rise up to four or five stories, high-rise after
12 stories, and mid-rise buildings in between. As the number of stories increases, these
approximate models are preferred for modeling mid- and high-rise buildings, generally
named multistory buildings [14]. These studies have explored the influence of mass and
stiffness distributions, both uniform and nonuniform, along the height of buildings on
their structural behavior. Heidebrecht and Rutenberg [15] presented an alternative for-
mulation for assessing the upper and lower bounds of inter-story drift demands in frame
structures, which diverged from the original method proposed by Heidebrecht and Stafford
Smith [1]. Miranda [4] refined the idea of the coupling beam. Notably, Miranda and
Reyes [16] extended the work of Miranda [4] to address nonuniform stiffness distributions
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and demonstrated that, unless there are abrupt and significant stiffness changes, they do
not significantly impact the structural behavior.

Similarly, Miranda and Taghavi [5] and Taghavi and Miranda [6,17] investigated floor
acceleration demands using a continuous shear–flexural beam model with nonuniform
stiffness for low and medium-height buildings. Reinoso and Miranda [18] focused on accel-
eration demands in tall buildings. Miranda and Akkar [6] derived the generalized inter-
story drift spectrum for buildings under earthquake ground motions. Alonso-Rodríguez
and Miranda [10] analyzed the continuous shear–flexural beam model with a shear beam
featuring a parabolic variable stiffness and a Bernoulli beam with fourth-order flexural
stiffness. In a recent study, Alonso-Rodríguez and Tsavdaridis [12] investigated the effects
of rotational inertia on the structural behavior of the continuous shear–flexural beam model.
Lai et al. [19] employed a continuous shear–flexural beam model with nonuniform mass
and stiffness distributions along the height to estimate the elastic inter-story drift demands
in super high-rise buildings. In addition to developing the continuous shear–flexural beam
model by considering mass and stiffness variations, there have been studies on the capabili-
ties of and their applications in structural response prediction of this approximate model in
recent years. Huergo and Hernández [20,21] investigated tall buildings’ dynamic analysis
and soil–structure interaction with tuned mass dampers (TMDs) using the continuous
shear–flexural beam model. Guo et al. [22] investigated the self-similar inter-story drift
and response distribution using a shear–flexural beam model with nonuniform lateral
stiffness. Ghahari et al. [23] presented a method for quantifying modeling uncertainty in
approximate methods used in building response prediction and applied it to a coupled
shear–flexural beam model. Ranaiefar et al. [24] estimated the seismic inter-story drift in tall
buildings by applying mode acceleration instead of mode displacement to a shear–flexural
beam model.

Lateral displacements and inter-story drift demands are the main cause of structural
damage in buildings when subjected to lateral loads. In many studies, the inter-story drift
ratio has been denoted as the most critical parameter associated with damage occurring in
buildings under lateral forces [6,25–30], and limitations on the inter-story drift ratio have
been introduced in the building codes [31,32].

The drift ratios along the height of a building do not exhibit a uniform distribution,
and they attain their maximum values at specific stories according to the structural behavior.
Since the maximum inter-story drift ratio is directly associated with structural damage,
it is also essential to determine the location within the building this maximum response
occurs [7]. Khaloo and Khosravi [7] conducted a comprehensive investigation of the
behavior of structures under pulse-type ground motions in near-field earthquakes using a
continuous beam model. They analyzed the maximum displacement spectrum, maximum
inter-story drift ratio spectrum, and maximum inter-story drift height spectrum. Similarly,
Neam and Taghikhang [26] and Eroglu [27] proposed a logarithmic function based on
seismic and geotechnical information to estimate the maximum inter-story drift. This
function was employed in probabilistic seismic analysis and design methods.

Previous studies [1,3–5,8] have typically assumed the base point’s boundary condition
of zero when solving the differential equations for continuous beam models. However, this
approach does not accurately reflect the first story drift, as the rotation in the displacement
function of the continuous model provides the inter-story drift ratio [6,7,12]. In the study
by Eroǧlu and Akkar [33], a new lateral stiffness coefficient that is story-dependent along
the building height was proposed for frame-type buildings, considering the model by
Heidebrecht and Stafford Smith [1].

In this study, the dynamic response of a shear–flexural continuous beam model is
elucidated by solving the equation of motion, wherein the rotation (θ) is introduced at
the base. The closed-form solutions are obtained, and the lateral displacement and inter-
story drift demands are investigated. Closed-form solutions of the displacement and
inter-story drift equations are obtained depending on the lateral stiffness ratio (α) and the
initial rotation (θ). The lateral stiffness ratio (α) plays a crucial role in determining the
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structural behavior on the basis of the stiffness of elements within the building systems,
emphasizing the significance of its accurate definition. To this end, a simple function for
the lateral stiffness ratio based on the beam–column stiffness ratio and the number of
stories is proposed. The function coefficients are determined through fitting analysis using
data obtained from finite element analysis. In order to demonstrate the accuracy of the
proposed method, the results obtained by analyzing different building type structures with
the finite element program sap2000 and the results obtained with the proposed method
are compared.

In conclusion, the proposed study presents a novel closed-form solution for the con-
tinuous beam model, incorporating a rotation (θ) at the base. The model’s effectiveness
in predicting building behavior could be validated through comprehensive dynamic anal-
yses and comparative results. The accurate estimation of critical parameters and their
applicability to low-rise buildings position the model as a noteworthy advancement in
structural engineering.

2. Continuous Shear–Flexural Beam Model

Despite the complex analysis of multi-degree-of-freedom (discrete mass) systems,
continuous models are widely used in the literature as approximate methods. In recent
years, various continuous beam models and simplified versions based on beam theories
have been proposed to predict structural responses. Typically, these simplified models
consider a continuous cantilever beam with uniform mass and stiffness distributions
along its height. In these studies, displacement and rotation are taken to be zero as the
base boundary condition. This approach does not fully represent the behavior of the
structure since rotation gives drift in the continuous model. This study aims to enhance the
continuous system model approach and improve predictions of structural responses by
introducing a closed-form solution that incorporates a rotation (θ) boundary condition at
the base, as utilized by Miranda and Taghavi [5] in their continuous shear–flexural beam
model with fixed base.

When subjected to a horizontal ground acceleration üg(t) at the base, the undamped
motion equation of the continuous beam model is formulated as a partial derivative
differential equation, represented as Equation (1).

m
EI

∂2u(ζ, t)
∂t2 +

1
H4

∂4u(ζ, t)
∂ζ4 − α2

H4
∂4u(ζ, t)

∂ζ4 = − m
EI

∂2ug(t)
∂t2 (1)

where m is the mass per unit length, H is the total height of the building, u(ζ,t) is the
lateral displacement at dimensionless height ζ = z/H at time t, EI is the flexural rigidity
of the flexural beam, and the lateral stiffness ratio (α) is a dimensionless parameter that
determines the extent of flexure and shear deformations in the continuous model, thereby
controlling the lateral deformation along the height. For α = 0, the continuous model
behaves as a Euler–Bernoulli beam, while α → ∞ corresponds to a pure shear beam.
Intermediate values of α correspond to multistory buildings exhibiting combined flexure
and shear deformations [5].

α = H

√
GA
EI

(2)

where GA is the shear rigidity of the shear beam. Miranda [4] specified the range of α as 0
to 30 for conventional structures and defined different ranges on the basis of the structural
system type. Shear wall systems exhibit α values within 0 < α < 2, while dual systems
(moment-resisting frame–wall or moment-resisting frame–cross braced systems) fall within
1.5 < α < 6. Moment-resisting frame systems typically have α values ranging from 5 to 20,
while α values greater than 30 represent shear frame behavior. Taghavi and Miranda [6,16]
used the average values of these ranges according to the type of structural system in their
building models. They suggested that this value can be used as 3.125 for dual systems
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and 12.5 for moment-resisting frame systems. Since moment-resisting frame systems are
analyzed in this study, Miranda’s α approximation is considered as 12.5.

For linear elastic structures, the responses can be obtained by combining the responses
of all modes. The displacement expression (u(ζ,t)) at dimensionless height ζ and time t for
a continuous structure can be calculated using a linear combination of modal responses.

u(ζ, t) =
∞

∑
i=1

ui(ζ, t) (3)

Considering classical damping, the contribution of each mode to the response, in
terms of lateral displacement (ui(ζ,t)) and inter-story drift ratio (IDRi(ζ,t)), is determined
as follows:

ui(ζ, t) = Γiφi(ζ)Di(t) (4)

IDRi(ζ, t) =
1
H

Γiφ
′
i(ζ)Di(t) (5)

Here, the modal participation factor (Γi) for the continuous model with uniform mass
distribution is given by

Γi =

1∫
0

φi(ζ)dζ

1∫
0

φ2
i (ζ)dζ

(6)

By substituting Equation (4) into Equation (1) and solving for the free vibration case
using the separation of variables method, two partial equations dependent on location
(φi(ζ)) and time (Di(t)) are obtained:

d2Di(t)
dt2 + ω2

i Di(t) = 0 (7)

d4φi(ζ)

dζ4 − α2 d2φi(ζ)

dζ2 +
mH4

EI
φi(ζ) = 0 (8)

The general solution of Equation (8) provides the mode shape function (φi (ζ)):

βi =
√

γ2
i + α2

φi(ζ) = B1 sin(γiζ) + B2 cos(γiζ) + B3sinh(βiζ) + B4 cosh(βiζ)
(9)

where B1–4 represents the integration constants obtained based on the boundary conditions.
The eigenvalue (γi) is derived from the solution of the circular frequencies (ωi) using

Equation (10).

ω2
i =

EI
mH4 γ2

i (γ
2
i + α2) (10)

In this case, the period ratios (Ti/T1) for the continuous beam model are determined
as follows:

Ti
T1

=
γ2

1(γ
2
1 + α2)

γ2
i (γ

2
i + α2)

. (11)

The mode shape function (φ(ζ)), drift mode shape function (φ′(ζ)), modal partici-
pation factor (Γi), and period ratios (Ti/T1) solely depend on the lateral stiffness ratio
α [5,6]. Accurate dynamic properties and structural response prediction can be achieved
by selecting the appropriate value of α [4]. In addition to these parameters, information
regarding the structure’s fundamental vibration period and damping ratios is required for
modal analysis. Miranda and Taghavi [5] suggested using the period equations proposed
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by Heidebrecht and Smith [1] or Rutenberg [34] to calculate the fundamental vibration
period of the continuous model.

Implementation of Boundary Conditions

When the continuous model is fixed at the base, the boundary conditions include
displacement and rotation of zero at the base. However, in the proposed model, the
displacement at the base is zero, while a rotation (θ) is defined, which differs from zero.
The following equations can express this:

φi(ζ)ζ=0 = 0 (12)

dφi(ζ)

dζ

∣∣∣∣
ζ=0

=
φi(h1/H)

h1/H
(13)

The case where the rotation is zero (θ = 0) provides the same solution as presented by
Miranda and Taghavi [5].

Similarly, in the continuous model, at the free end, the boundary condition at the
normalized height (ζ = 1) results in zero moment and shear force:

d2φi(ζ)

dζ2

∣∣∣∣
ζ=1

= 0, (14)

(
d3φi(ζ)

dζ3 − α2 dφi(ζ)

dζ

)∣∣∣∣
ζ=1

= 0. (15)

The integration constants obtained using the boundary conditions are as follows:

B2 =

(
−

βiγ
2
i θ sin(γi) + β2

i γiθsinh(βi)− 2β2
i sin(γiθ)sinh(βi)− 2γ2

i sin(γi)sinh(βiθ)(
γ2

i cos(γi) + β2
i cosh(βi)

)
(βiθ − 2sinh(βiθ))

)
B1

B3 =

(
− γiθ − 2 sin(γiθ)

βiθ − 2sinh(βiθ)

)
B1

B4 = −B2

The B1-4 integration constants given in Equations (12)–(14) are used to substitute the
mode shape function given in Equation (9) into the boundary condition Equation (15),
resulting in the characteristic Equation (16).(

−2γiβ
3
i (γiθ − sin(γiθ)) + 2γ2

i β2
i sinh(βiθ)− sin(γi)sinh(βi)

(
β2

i
(
α2γiθ − 2β2

i sin(γiθ)
)
+ 2γ3

i βisinh(βiθ)
)
+

cos(γi) cosh(βi)
(

βi
(
−
((

α4 + 2γ2
i β2

i
)
θ
)
+ 2γ3

i sin(γiθ)
)
+ 2β4

i sinh(βiθ)
) )

= 0 (16)

By solving the characteristic Equation (Equation (16)), which is a function of α and θ,
the eigenvalues (γi) of the equation are obtained.

The rotation (θ) at the base is defined as the displacement ratio of the ground story. In
this case, the expression “θ” is defined as the ratio of the ground story height (h1) to the
building height (H) through the normalized height (ζ).

θ =
h1

H
=

h1

h1 + (N − 1)hj
(17)

When considering the case where all stories have equal story heights (h1 = hj), the
definition of θ is equal to “1/N”, where N is the number of stories. In this study, equal
story heights are assumed for all stories.

The continuous model with a uniform mass and stiffness distribution along the height,
mode shapes, period ratios, and modal participation factors depends on dimensionless base
rotation and lateral stiffness ratio parameters. The base rotation is defined as the drift ratio
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of the first story. The remaining lateral stiffness ratio needs to be known. In the literature,
approximate ranges for this coefficient have been determined on the basis of the structural
system of the building, but no definitive calculation has been suggested. In the subsequent
parts of the study, a simple empirical equation is proposed for the lateral stiffness ratio
using a curve fitting method to provide more accurate predictions of structural responses.

3. Estimation of Lateral Stiffness Ratio

The displacement of buildings under horizontal loads is determined by the bending
deformation of the columns and the rotation of the beams connected to the ends of the
columns, which is influenced by their respective stiffness ratios. In a study conducted by
Blume [35], it was found that the structural and dynamic properties of framed buildings
depend on the ratio of horizontal member (beam) stiffness to vertical member (column)
stiffness. This ratio, known as the “nodal rotation index” or Blume coefficient (ρ), considers
the structure’s combined deformation.

The beam-to-column stiffness ratio, ρ, is a critical structural parameter that determines
the relative rotation at the joint points in a building system [35]. It is expressed as the ratio
of the total relative stiffness of the columns in the floor closest to the middle of the building
height and the beams attached to the upper ends of these columns. The general equation
for ρ, assuming that beams and columns have the same modulus of elasticity, is given by
Equation (18).

ρ =
∑beams

(
Ib
lb

)
∑columns

(
Ic
hc

) (18)

where Ib and Ic represent the moment of inertia of the beam and column, respectively,
and lb and hc represent the beam length and column height, respectively. The value of ρ
indicates the relative stiffness of the beam–column system and determines the extent of
participation of bending and shear deformations in the frame structure. A ρ value of zero
indicates flexural deformation, a value of infinity (∞) represents a shear structure, and
intermediate values indicate a frame with combined shear and flexural deformation [4].

The ρ parameter quantifies the relative stiffness between beams and columns, control-
ling the system’s behavior and affecting the structure’s natural period and mode shapes.
The fundamental natural period provides valuable information about the dynamic proper-
ties of the frame system, including the proximity and distribution of natural periods and
the shapes of natural modes. This parameter measures the relative beam–column stiffness
and, thus, controls the degree of participation of lateral bending and shear deformations in
a moment-resisting frame structure. In other words, it indicates how closely the system’s
behavior resembles that of a frame. The fundamental natural period of the system has a
significant influence on the relative proximity or disparity of natural periods and shapes of
natural modes, providing valuable information for the overall dynamic structural character-
istics of the frame system [36–39]. Therefore, ρ serves as a versatile variable for representing
structural systems and retrieving important dynamic properties of the entire structure [39].
Unlike the dimensionless parameter α used in continuous models, ρ is independent of the
building height. In this study, the number of stories (N) is employed instead of height for
framed buildings, and the estimation of α is related to ρ and N.

3.1. Generic Building Models and Analyses

Discrete systems were utilized to estimate the lateral stiffness ratio (α) defined for the
continuous beam model. Ten building model sets consisting of moment-resisting frames
with different Blume values were considered. In each model set, buildings between five
and 20 stories are considered. The frame models were constructed while considering
the beam-to-column stiffness ratio ρ (Equation (18)), corresponding to Blume’s coefficient.
Various group models were generated by adjusting the element sizes of beams and columns.
All building models consisted of a six-span frame system with a 5 m beam length and 3 m
column height. The modulus of elasticity was uniformly assigned as 2.85 × 107 kN/m2
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for all models. Different numbers of stories (N = 5, 8, 10, 12, 15, and 20 stories) with the
same floor plan were obtained, as presented in Table 1. Rigid diaphragms were defined
at floors, and lumped masses were assigned at floor levels. Column axial stiffnesses were
considered, with column dimensions proportional to the axial load.

Table 1. Generic building model information.

Model ρ

0. Group (G0) 0.004
1. Group (G1) 0.03
2. Group (G2) 0.06
3. Group (G3) 0.13
4. Group (G4) 0.30
5. Group (G5) 0.53
6. Group (G6) 0.76
7. Group (G7) 1.00
8. Group (G8) 1.50
9. Group (G9) 2.07

Note: Within the study context, the models were named on the basis of the group number and the value of N. For
example, the N = 10 story model in Group 7 is denoted as “G7n10”, while the N = 5 story model in Group 5 is
encoded as “G5n5”.

The UBC97 response spectrum curve (Figure 1) was used in the dynamic analysis of
the sample models. The seismic parameters, such as seismic zone factor (Z) of 0.3, local soil
type (SB) of rocky, and seismic coefficients Ca and Cv of 0.3, were considered.
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3.2. Prediction of Structure Responses

To evaluate the predictive capability of the proposed model for structural responses,
we obtained solutions for various sets of sample buildings, as created in the preceding
section. The SAP2000 software was employed to analyze these models, encompassing a
range of 5–20 stories, as specified in Table 1. Subsequently, the results obtained from these
analyses were utilized in this study to make predictions using equations formulated on the
basis of the proposed base rotation (θ = 1/N) and lateral stiffness ratio (α). The optimal
lateral stiffness ratio was determined through an iterative trial-and-error approach to ensure
an accurate prediction of structural behavior. The primary aim was to identify the lateral
stiffness ratio that yields the most accurate prediction of the structural response. Primarily,
by comparing the mode shape profiles derived from the SAP2000 (FEM) models with the
mode shape functions of the proposed model, it is estimated by the α values through
iterative experimentation to achieve the closest correspondence between the results.
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In this study, dynamic analysis employing the response spectrum method was per-
formed to obtain the first-mode (i = 1) lateral displacement (ui(ζ,T)) and inter-story drift
ratio (IDRi(ζ,T)), as defined in Equations (19) and (20), respectively.

ui(ζ, Ti) = Γiφi(ζ)Sd,i(Ti) (19)

IDRi(ζ, Ti) = ΓiSd,i(Ti)

(
φi(ζ j)− φi(ζ j−1)

ζ j − ζ j−1

)
(20)

We obtained closed-form solutions for the continuous flexural–shear beam utilizing
the MATHEMATICA software. The lateral displacement, inter-story drift ratio, and mode
shapes were determined and visually presented. Furthermore, the SAP2000 structural
analysis program, which utilizes finite element-based solutions, was employed to dynami-
cally analyze the structural models following the UBC97 response spectrum. The resultant
structural responses were considered “exact” and compared with the solutions obtained
from the continuous model.

In the lateral displacement expression given by Equation (19), if Sd(Ti) is known in
the model with a constant mass distribution along the height, the behavior of the structure
depends only on α [4,5]. We compared the lateral displacement profile of the SAP2000
model (u(z,T)/u(H,T)) with the mode shape profile of the continuous model (φ) and the
drift mode shape (u(zj,T) − u(zj−1,T)/hj) (φ′). The α values employed in the continuous
model were estimated through iterative experimentation. Similarly, when the modal
displacement profile of the SAP2000 model was divided by the spectral displacement
(u(z,T)/Sd(T)), it was compared with the modal displacement of the continuous model
(Γφ), while the modal drift ratio profile (u(zj,T)− u(zj−1,T)Sd(T)× /hj) (Γφ′) was compared
with the drift mode shape of the continuous model.

This section presents the structural responses obtained for the sample building models
developed in this study, encompassing mode shape (φ), drift mode shape (φ′), modal
displacement (Γφ), and modal inter-story drift ratio (Γφ′). These responses are graphically
illustrated in Figure 2 for multiple sample models. The results, denoted by dash-dotted
black lines with an index labeled as A, depict the solutions obtained using Miranda’s
approach (α = 12.5, θ = 0). The results represented by solid blue and green lines labeled as B
correspond to the proposed model approach in this study (α determined through iterative
experimentation, θ = 1/N), while the purple and orange lines represent the FEM results.
The results for the “maximum inter-story drift ratio (IDRmax)” are also presented in the
subsequent section for comparative analysis.

Estimation of Maximum Inter-Story Drift Ratios (IDRmax)

This study presents the maximum inter-story drift ratios obtained for the proposed
model (θ = 1/N) and the cases where the base rotation is 0, as illustrated in Figure 3. In
particular, the lateral deformation profiles obtained using the average value of α = 12.5
recommended by Miranda’s approach (θ = 0) for frame buildings with the estimated α
value for the θ = 1/N condition proposed in this study were compared. The procedures
were repeated for sample-building models in each set (group), and the maximum relative
inter-story drift ratios (IDRmax) were determined and compared with the SAP2000 (FEM)
results. The results are compared on a one-to-one function graph provided in Figure 3.
The circular data points labeled as A in the graph represent the solution obtained using
Miranda’s approach (αort = 12.5, θ = 0), while the starred data points labeled as B represent
the proposed model approach in this study (α determined through trial and error, θ = 1/N).
All predictions from the continuous model were overestimated from the SAP2000 (FEM)
result values.
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Figure 3. Comparison of maximum inter-story drift ratios (IDRmax).

It can be observed that the analytical results obtained for cases where the base rotation
was different from 0 significantly improved the FEM results. This improvement was
particularly pronounced in low-rise models; however, as the number of stories increased,
the rate of improvement diminished. This can be attributed to the fact that the base rotation
decreases with respect to N and approaches 0, leading to an approximation of the fixed-
end beam model solution at the base. Although continuous models are more suitable for
analyzing multistory buildings, including the base rotation angle in the continuous model
solution also allows for its applicability to low-story buildings.

3.3. Determination of Lateral Stiffness Ratio (α)

In the preceding section, the numerical values of lateral stiffness ratios, as defined in
the proposed equations, were obtained via an iterative process employing SAP2000 simula-
tions of building models with varying Blume ratios and floor quantities. Figure 4 presents
the graph illustrating the variation of the lateral stiffness ratio (α) for the number of floors
(N) and the Blume ratio (ρ). It can be observed from the figure that α changes depending on
ρ and N. The relationship linking the lateral stiffness ratio (α), the beam–column stiffness
ratio (Blume coefficient) (ρ) specific to the building models, and the number of floors (N) is
depicted in Figure 4.
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Figure 4. Relationship linking αest, N, and ρ for sample building models.

The variation of ρ, defined for discrete (frame) systems, significantly influenced the
structural displacements. The lateral displacements increased as ρ increased, and the most
significant differences in displacements occurred in the range of 0.0 to 0.125, where the
fundamental mode transitioned from flexural to mixed (a combination of flexural and
shear behavior). When ρ exceeded 0.125, the lateral displacements changed more gradually.
Similar variations were also observed for the first mode of inter-story drift. The change
in the maximum inter-story drift toward lower floors was rapid within the range of 0.0 to
0.125. In extreme cases, at ρ = 0.0, the structure behaved like a flexural beam, whereas, at
ρ = ∞, it exhibited pure shear behavior, with the maximum inter-story drift occurring at
the top and ground floors, respectively [39]. These findings for moment-resisting frame
systems support the relationship between the lateral stiffness ratio α and ρ. As shown in
Figure 4, the variation of α, representing the structural behavior in the continuous model,
was rapid for 0.0 < ρ < 0.125 and gradually increased after ρ ≥ 0.125. Therefore, it is
appropriate to consider the behavior in two sections to obtain a more accurate α.

Nonlinear regression analysis using the DataFit [40] program was performed to esti-
mate the equations. The relationship between the variables was investigated by defining
two independent variables (ρ and N) and one dependent variable (α). The most suitable
set of equations to determine α was obtained in two sections. The first Equation (21)
corresponds to the range up flexural to the transition of mixed behavior, while the second
Equation (22) corresponds to the range from mixed behavior to shear behavior.

α f c(ρ, N) = a1Nb1 ρc1 , (21)

αe(ρ, N) = a2 + b2N + c2ρ, (22)

When 0.0 < ρ < 0.125, a coefficient of multiple determination (R2) = 0.99 and adjusted
coefficient of multiple determination (Ra

2) = 0.99 were achieved. The corresponding
equation constants were “a1 = 2.672”, “b1 = 0.851”, and “c1 = 0.401”.

When ρ ≥ 0.125, a coefficient of multiple determination (R2) = 0.93 and adjusted
coefficient of multiple determination (Ra

2) = 0.93 were achieved. The corresponding
equation constants were “a2 = 0.0946”, “b2 = 0.877”, and “c2 = 2.722”.

With this proposed estimation equation, the lateral stiffness ratio of a building model
can be quickly determined with minimal information from the building model. It provides
more accurate results than the approximate average values commonly used in the literature
and assists in estimating αwithout involving complex calculations for the shear stiffness
expression of frame systems (GA).
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4. Evaluation of the Model

This paper presents two moment-resisting frame models (Figure 5) with distinct
features for evaluating the proposed model. Detailed information regarding these models
is provided below. The eigenvalue analyses of detailed finite element models are employed
to calculate the dynamic characteristics of the structures, which are subsequently compared
to those obtained using the approximate method proposed in this study. Furthermore, the
buildings’ lateral deformation responses and inter-story drift ratio demands are determined
using detailed finite element analysis under the response spectrum analysis. The simplified
method compares these results to the lateral deformation demands obtained. The buildings’
two-dimensional linear finite element models were constructed utilizing the SAP2000
structural analysis software. The results obtained through the eigenvalue finite element
analysis are assumed to be the “exact” results in this study.
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Figure 5. Frame views of Example Model 1 and Example Model 2.

Example 1 consisted of a three-span, five-story moment-resisting frame model. The
beam–column rigidity ratio was 0.6 (ρ = 0.6), and the spans and story heights were equal,
measuring 4 m and 3 m, respectively. The floor weights in the frame were uniformly
distributed, with each floor weighing 800 kN. The first-mode period of vibration was 0.90 s.
Dynamic analysis was performed using the UBC97 response spectrum. The lateral defor-
mation responses and the maximum inter-story drift ratio estimations for the fundamental
mode were compared between the proposed approach and the analysis; the results are
shown in Figure 6.

In Example 1, the maximum inter-story drift ratio obtained through the proposed
method (α(ρ, N) = 6.1, θ = 1/5) exhibited a difference of 4.24% compared to the results
obtained from the finite element model. This maximum value was observed at the cor-
responding height location in the SAP2000 model. When the same example was solved
using Miranda’s approach (α = 12.5, θ = 0), the difference amounted to 10.51%. It can be
observed that the proposed approach here yields an improvement of approximately 6% in
this sample-building model. As evident from the results, when the correct α definition was
employed, the proposed method captured the structural responses more accurately along
the building height.

Example 2 considered a moment-resisting frame model with five spans and nine stories.
The beam-to-column stiffness ratio was 0.9 (ρ = 0.9). The spans and story heights were equal
in length and are 3.8 m and 3 m, respectively. The weights in the frame were equal at each
story and 1200 kN. The first-mode period of vibration was 1.53 s. Dynamic analysis was
performed using the UBC97 Response Spectrum. The lateral deformation responses and
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the maximum inter-story drift ratio estimations for the fundamental mode were compared
between the proposed approach and the analysis; results are shown in Figure 7.
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For Example 2, the maximum inter-story drift ratio obtained through the proposed
method (α(ρ, N) = 10.44, θ = 1/9) exhibited a difference of 3.84% compared to the results
obtained from the finite element model. This maximum value was nearly observed at the
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corresponding height location, aligning with the results from the SAP2000 model. When
applying Miranda’s approach (α = 12.5, θ = 0) to the identical example, a discrepancy of
6.94% was observed. The proposed approach demonstrated a performance enhancement
of approximately 3.1% in the analyzed sample building model. This result indicates a
significant influence of the θ dependent on N in Example 1, which had fewer floors. As the
number of stories increased, θ approached 0, resulting in a decrease in the improvement
rate, as expected.

5. Conclusions

In this paper, a new approximation method was developed to estimate the lateral
behavior and maximum inter-story drift ratio demands of multistory buildings subjected
to earthquake ground motion. A closed-form solution was proposed for a shear–flexural
beam model with base rotation (θ). The main contributions of the research are as follows:

• The study presented closed-form solutions for displacement, inter-story drift ratio,
and modal participation factors as functions of α and θ, where θ is the story drift of
the first storey.

• The lateral stiffness ratio (α) was suggested through a simple equation, depending on
the Blume coefficient.

• The α equation proposed in this study is simpler and more sensitive than the ap-
proaches in the existing literature.

• The proposed approach in this paper improves the existing literature by offering a
new perspective on the approximate method and a comprehensive investigation of
building behavior.

• Dynamic analyses were conducted using the novel continuous shear–flexural beam
model and the SAP2000 program to examine the behavior of buildings in a broader
framework. Various framed building models with distinct characteristics and different
numbers of stories were considered, and the results were presented comparatively
using graphical representations. Compared to the existing approaches in the literature,
the model proposed in this study can predict the building behavior profiles along the
height and the maximum inter-story drift ratio, a crucial engineering parameter, with
very close error rates.

• The proposed novel beam model can be used for dynamic analysis, preliminary design,
and assessment of buildings under earthquake effects.

• The utilization of the continuous model in the dynamic analyses of low-story building
models was achieved with the proposed model in this study.

In conclusion, the proposed model in this study not only offers a more profound under-
standing of building dynamics but also introduces a promising tool for future investigations
in the field.

Author Contributions: Conceptualization, H.Ç. and H.T.T.; methodology, H.Ç. and H.T.T.; software,
H.Ç. and H.T.T.; validation, H.Ç. and H.T.T.; investigation, H.Ç., H.T.T. and H.C.; resources, H.Ç. and
H.T.T.; data curation, H.Ç. and H.T.T.; writing – original draft, H.Ç. and H.T.T.; writing – review &
editing, H.Ç., H.T.T. and H.C.; visualization, H.Ç., H.T.T. and H.C.; supervision, H.Ç., H.T.T. and H.C.
All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.



Appl. Sci. 2023, 13, 7819 15 of 16

References
1. Heidebrecht, A.; Stafford Smith, B. Approximate analysis of tall wall-frame structures. ASCE J. Struct. Div. 1973, 99, 199–221.

[CrossRef]
2. Fajfar, P.; Strojnik, S. Simplified Method for Computation of Earthquake Induced Shears and Overturning Moments in

Regular Multistorey Structures. In Proceedings of the 7th World Conference on Earthquake Engineering, Istanbul, Turkey,
8–13 September 1980; Volume 7, pp. 561–564.

3. Iwan, W.D. Drift Spectrum: Measure of Demand for Earthquake Ground Motions. J. Struct. Eng. 1997, 123, 397–404. [CrossRef]
4. Miranda, E. Approximate seismic lateral deformation demands in multi-story buildings. J. Struct. Eng. 1999, 125, 417–425.

[CrossRef]
5. Miranda, E.; Taghavi, S. Approximate floor acceleration demands in multi-story buildings. I: Formulation. J. Struct. Eng. 2005,

131, 203–211. [CrossRef]
6. Miranda, E.; Akkar, S.D. Generalized interstory drift spectrum. J. Struct. Eng. 2006, 132, 840–852. [CrossRef]
7. Khaloo, A.R.; Khosravi, H. Multi-mode response of shear and flexural buildings to pulse-type ground motions in near-field

earthquakes. J. Earthq. Eng. 2008, 12, 616–630. [CrossRef]
8. Xie, J.; Wen, Z. A measure of drift demand for earthquake ground motions based on Timoshenko beam model. In Proceedings of

the 14th World Conference on Earthquake Engineering, Beijing, China, 12–17 October 2008.
9. Wiebe, L.; Christopoulos, C. A cantilever beam analogy for quantifying higher mode effects in multistorey buildings. Earthq. Eng.

Struct. Dyn. 2015, 44, 1697–1716. [CrossRef]
10. Alonso-Rodríguez, A.; Miranda, E. Dynamic behavior of buildings with nonuniform stiffness along their height assessed through

coupled flexural and shear beams. Bull. Earthq. Eng. 2016, 14, 3463–3483. [CrossRef]
11. Alonso-Rodríguez, A.; Miranda, E. Assessment of Effects of Reductions of Lateral Stiffness along Height on Buildings Modeled

as Elastic Cantilever Shear Beams. J. Earthq. Eng. 2018, 22, 553–568. [CrossRef]
12. Alonso-Rodríguez, A.; Tsavdaridis, K.D. Effect of rotational inertia on building response to earthquakes via a closed-form solution.

Mech. Based Des. Struct. Mach. 2021, 51, 1842–1855. [CrossRef]
13. Veladi, H.; Farahmand Azar, B.; Rahimi Gendeshmin, S. Quantifying higher mode effects in rocking systems considering

shear-flexural behavior. Structures 2020, 27, 542–558. [CrossRef]
14. Greco, A.; Caddemi, S.; Caliò, I.; Fiore, I. A Review of Simplified Numerical Beam-like Models of Multi-Storey Framed Buildings.

Buildings 2022, 12, 1397. [CrossRef]
15. Heidebrecht, A.C.; Rutenberg, A. Applications of drift spectra in seismic design. In Proceedings of the 12th World Conference on

Earthquake Engineering, Auckland, New Zealand, 30 January–4 February 2000; Paper No. 209.
16. Miranda, E.; Reyes, C.J. Approximate lateral drift demands in multi-story buildings with nonuniform stiffness. J. Struct. Eng.

2002, 128, 840–849. [CrossRef]
17. Taghavi, S.; Miranda, E. Estimation of Seismic Acceleration Demands in Building Components. In Proceedings of the 13th World

Conference on Earthquake Engineering, Vancouver, BC, Canada, 1–6 August 2004.
18. Reinoso, E.; Miranda, E. Estimation of floor acceleration demands in high-rise buildings during earthquakes. Struct. Des. Tall Spec.

Build. 2005, 14, 107–130. [CrossRef]
19. Lai, X.; He, Z.; Wu, Y. Elastic inter-story drift seismic demand estimate of super high-rise buildings using coupled flexural-shear

model with mass and stiffness non-uniformities. Eng. Struct. 2021, 226, 111378. [CrossRef]
20. Huergo, I.F.; Hernández, H. Coupled shear-flexural model for dynamic analysis of fixed-base tall buildings with tuned mass

dampers. Struct. Des. Tall Spec. Build. 2019, 28, e1671. [CrossRef]
21. Huergo, I.F.; Hernández, H. Coupled-two-beam discrete model for dynamic analysis of tall buildings with tuned mass dampers

including soil–structure interaction. Struct. Des. Tall Spec. Build. 2020, 29, e1683. [CrossRef]
22. Guo, G.; Chen, X.; Yang, D.; Liu, Y. Self-similar interstory drift spectrum and response distribution of flexural-shear beam with

nonuniform lateral stiffness. Bull. Earthq. Eng. 2019, 17, 4115–4139. [CrossRef]
23. Ghahari, S.F.; Sargsyan, K.; Çelebi, M.; Taciroglu, E. Quantifying modeling uncertainty in simplified beam models for building

response prediction. Struct. Control Health Monit. 2022, 29, e3078. [CrossRef]
24. Ranaiefar, M.A.; Hosseini, M.H.; Mansoori, M.R. Estimating Inter-Story Drift in High Rise Buildings with the Flexural and Shear

Cantilever Beam and Mode-Acceleration Method. J. Rehabil. Civ. Eng. 2019, 7, 164–177. [CrossRef]
25. Algan, B.B. Drift and Damage Considerations in Earthquake Resistant Design of Reinforced Concrete Buildings. Ph.D. Thesis,

University of Illinois at Urbana-Campaign, Urbana, IL, USA, 1982.
26. Neam, A.S.; Taghikhany, T. Prediction equations for generalized interstory drift spectrum considering near-fault ground motions.

Nat. Hazards 2016, 80, 1443–1473. [CrossRef]
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